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Abstract
There exists a well-known hook-length formula for calculating the dimensions of 2D Young diagrams.
Unfortunately, the analogous formula for 3D case is unknown. We introduce an approach for calculating
the estimations of dimensions of three-dimensional Young diagrams also known as plane partitions.
The most difficult part of this task is the calculation of co-transition probabilities. We propose to
approximately calculate these probabilities by generating numerous random paths to a given diagram.
In case the generated paths are uniformly distributed, the proportion of paths passing through a certain
branch gives us the co-transition probability. As our numerical experiments show, the random generator
based on the Schu¨tzenberger transformation, gives the distribution of Young tableaux close to uniform.
1 Introduction
The Schu¨tzenberger transformation on Young tableaux, also known as ”jeu de taquin”, was introduced in
Schu¨tzenberger’s paper [1]. This transformation is used to solve different problems of enumerative com-
binatorics and representation theory of symmetric groups. Particularly, it can be used to calculate the
Littlewood-Richardson coefficients [2].
Donald Knuth has presented an important one-to-one correspondence between the permutations and
pairs of Young tableaux which is known as Robinson-Schensted-Knuth (RSK) correspondence [3, 4, 5].
RSK correspondence has many important combinatorial properties. A recent work [6] is devoted to some
properties of the reverse RSK correspondence. The connection between Schu¨tzenberger transformation,
RSK correspondence and Markov Plancherel process [7] was found in [8]. The correspondence between
Bernoulli scheme and iterations of Schu¨tzenberger transformation was introduced in the work [8] as well.
The isomorphism between Bernoulli scheme and iterations of Schu¨tzenberger transformation was established
in [9].
There exists the central Plancherel process on the two-dimensional Young graph. Because of its centrality,
the probabilities of all paths from the root to a diagram of a certain shape are equal. So, the Plancherel
process gives the uniform distribution on Young tableaux of this shape. Therefore, we can use the Plancherel
process as uniform random generator of 2D Young tableaux of a fixed shape.
However, this approach is not applicable in the three-dimensional case because the central process on
3D Young graph is unknown. The goal of this work is to obtain the random generator of three-dimensional
Young tableaux of the same shape with distribution close to uniform. We propose the solution of this problem
based on a special randomized modification of Schu¨tzenberger’s jeu de taquin.
2 Schu¨tzenberger transformation
2.1 Standard Schu¨tzenberger transformation
We consider the Schu¨tzenberger transformation on two- and three- dimensional Young tableaux. The
Schu¨tzenberger transformation converts a Young tableau of size n to another Young tableau of size n − 1.
At the beginning, the first box of a source tableau is being removed. Then, the box with a smaller number is
being selected among top neighbouring and right neighbouring boxes. The selected box is then being shifted
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to the position of the removed box. A newly formed empty box is being filled by the neighbouring box using
the same rule. This process continues until the front of the diagram is reached.
The sequence of the shifted boxes forms so-called jeu de taquin path [9] or Schu¨tzenberger path. A. M. Ver-
shik suggests to call it a nerve. The Schu¨tzenberger paths are the paths in Pascal graphs: Z2+ or Z3+ in 2D
and 3D cases, respectively. Fig. 1 shows some examples of Young tableaux and their nerves.
(a) (b) (c)
Figure 1: Three different Young tableaux of the same shape and their nerves
A. M. Vershik has noticed that jeu de taquin algorithm can be applied not only to the Young tableaux
of an arbitrary dimension, but generally to any partially ordered set. In this case the Schu¨tzenberger
transformation works on ascendant sequences of decreasing ideals of a corresponding poset. Particularly, the
technique based on jeu de taquin can be used on any graded graph. In such a situation, a Schu¨tzenberger path
would be a path on that graded graph. It was proved in [9] that a Schu¨tzenberger path in two-dimensional
case have a limit value of angle with a probability 1 relatively to the Plancherel measure.
2.2 Shape-preserving Schu¨tzenberger transformation
In this modification of the classic Schu¨tzenberger transformation, we add an extra box in the position of
the last shifted box. Thereby, this transformation does not change the shape of the diagram. Also the
transformation becomes reversible, i.e. it establishes a bijection on the paths to a diagram. This bijection
splits into multiple cycles and computational experiments show that in most cases the number of cycles is
relatively large. It means that the iterations of the shape-preserving Schu¨tzenberger transformation do not
give all possible Young tableaux of a certain shape. So, in order to build a uniform random generator of
Young tableaux, we propose another modification of the transformation.
2.3 Randomized Schu¨tzenberger transformation
Here we consider a randomized modification of the classic Schu¨tzenberger transformation. Besides adding
the last box of a jeu de taquin path to Young tableau in order to keep its original shape, we also choose the
initial part of a tableau (or, equivalently, a path on the Young graph) randomly.
There exists the only two-dimensional diagram of size 3 with two incoming paths. In case the initial path
passes through that diagram, with a probability of 1/2 we either keep the original path unchanged or switch
to another one. Both paths are shown in Fig. 2 (a).
There exists 3 different 3D Young diagrams of size 3 and dimension 2, see Fig. 2 (b). If a tableau passes
through one of these diagrams, the initial part of a path is either kept as it is or changed to another one
with a probability of 1/2.
Note that the diagrams in Fig. 2 are the minimum possible diagrams with dimension 2. The results of nu-
merical experiments discussed in Sec. 5 allow to suggest that the iterations of the randomized Schu¨tzenberger
transformation generate almost uniform distribution on the paths to a diagram.
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(a) (b)
Figure 2: Possible paths of randomization for (a): 2D Young tableaux, (b): 3D Young tableaux
3 Fast Schu¨tzenberger transformation
We propose the following algorithm for the implementation of the Schu¨tzenberger transformation on 2D and
3D Young tableaux. We present Young tableaux as one-dimensional arrays of sets of coordinates of added
boxes. Note that the standard presentation of Young tableaux as two-dimensional arrays of integers has
a significant disadvantage with respect to the computational cost and memory usage. That is because in
that case the Schu¨tzenberger transformation requires renumbering of all boxes in a tableau. Let us consider
the implemented algorithm for the case of 2D Young tableaux. During the execution of the algorithm, the
coordinates of boxes of a source tableau are processed consequently. At the beginning, the first box of a
source tableau with coordinates (0,0) is assigned as an active box. However, the active box is not being
added to a new tableau immediately. It is being added to a new tableau at the moment when a neighbour
top or neighbour right box is added to a source tableau. As a next step, this neighbour box becomes active
and so on. At the same time, the non-neighbour boxes are being added without any delay. The algorithm
stops when all the boxes in a source tableau are processed.
The pseudocode of the two-dimensional Schu¨tzenberger transformation algorithm is provided in Listing
1. The three-dimensional variant of the algorithm is very similar to it and is not presented here. Note
that actX, actY are the coordinates of the current active box, in tab is a source tableau and out tab is a
transformed tableau.
Listing 1: Schu¨tzenberger transformation on 2D Young tableaux
schutzenberger ( in tab , out tab )
{
// i n i t i a l c o o r d i n a t e s o f an a c t i v e box
actX = 0 ; actY = 0 ;
// f o r each ( x , y ) from input t a b l e a u
for ( i t = in tab−>begin ( ) ; i t != in tab−>end ( ) ; ++i t )
{
// i f the box ( x , y ) from the input t a b l e a u i s one o f two p o s s i b l e
ne ighbours to an a c t i v e box
i f ( ( x == actX + 1) && ( y == actY ) ) | |
( ( x == actX ) && ( y == actY + 1) )
{
// add an a c t i v e box to the r e s u l t i n g t a b l e a u
out tab . add ( actX , actY ) ;
// update an a c t i v e box
actX = x ; actY = y ;
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}
else
{
// add ( x , y ) to the r e s u l t i n g t a b l e a u
out tab . add (x , y ) ;
}
}
// re turn the c o o r d i n a t e s o f the removed box
return ( actX , actY ) ;
}
Note that during the execution of the algorithm, most of the boxes of a source tableau are being copied
to a new tableau without any changes. Only the order of additions of active boxes will be different. Another
advantage of this approach is that after necessary modifications it can be easily implemented on a Young
graph of any dimension and on any other graded graphs.
The implementation of the shape-preserving Schu¨tzenberger transformation is almost the same. The only
difference is that at the end of the algorithm the coordinates of the removed box should be added to the
resulting tableau. The reverse shape-preserving Schu¨tzenberger transformation can also be implemented in
a similar way.
The algorithm of the randomized Schu¨tzenberger transformation in 2D case, written in pseudocode, is
shown in Listing 2.
Listing 2: Randomized Schu¨tzenberger transformation on 2D Young tableaux
schutz rnd ( in tab , out tab , add la s t )
{
// i f the beg inn ing o f t a b l e a u i n c l u d e s Young diagram {2 ,1}
i f ( ( i n tab [ 1 ] == (0 , 1 ) ) && ( in tab [ 2 ] == (1 , 0 ) ) | |
( i n tab [ 1 ] == (1 , 0 ) ) && ( in tab [ 2 ] == (0 , 1 ) ) )
{
//The path i s chosen randomly from one o f two o p t i o n s :
// (0 ,0) => (0 ,1) => (1 ,0) or
// (0 ,0) => (1 ,0) => (0 ,1)
i f ( rand ( 0 | 1 ) == 0)
{
i n t ab [ 1 ] = (0 , 1 ) ; i n t ab [ 2 ] = (1 , 0 ) ;
}
else
{
i n t ab [ 1 ] = (1 , 0 ) ; i n t ab [ 2 ] = (0 , 1 ) ;
}
}
//The c l a s s i c a l Schut zenberger t rans format ion f u n c t i o n
( actX , actY ) = schutz ( in tab , out tab ) ;
// add the l a s t box o f a nerve to the r e s u l t i n g t a b l e a u
i f ( add la s t )
out tab . add ( actX , actY ) ;
}
Unlike the shape-preserving Schu¨tzenberger transformation, in the randomized modification the beginning
part of the initial tableau is being either modified or left unchanged with a probability of 1/2.
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4 The applications of the randomized Schu¨tzenberger’s jeu de
taquin
4.1 Calculation of the co-transition probabilities of a central process on 3D
Young graph
The calculation of co-transition probabilities is a significant computational problem. Let us consider a
Markov process on the Young graph. The co-transition probability p˜(λn−1 ↗ λn) is a conditional probability
that the path to diagram λn passed through diagram λn−1. There exists a hook-length formula which allows
to calculate the exact dimensions of 2D Young diagrams. Then, the co-transition probability of a central
process can be calculated by dividing the dimension of a λn−1 by dimension of a λn. Although, for the
three-dimensional case such a formula is unknown.
The approach to calculate co-transition probabilities is to generate uniformly-distributed random paths
to the given diagram and calculate the frequencies of passes through different incoming branches. Taking
into account the law of large numbers, with increasing number of generations these frequencies will tend to
unknown co-transition probabilities.
4.2 Calculation of dimensions of three-dimensional Young diagrams
Due to lack of analogue of the above-mentioned hook-length formula in a 3D case, it is not easy to calculate
the dimensions of 3D Young diagrams. The dimension of an arbitrary Young diagram can be calculated
recurrently by dividing the dimension of a previous diagram by the corresponding co-transition probability:
dim(λn) =
dim(λn−1)
p˜(λn−1↗λn) . So, the exact dimension of an arbitrary 3D Young diagram can be calculated using
the technique described in Sec. 4.1.
Note that it is also possible to implement an algorithm for calculating the ratio of dimensions of diagrams
nested inside one another. To do this, it is necessary to compare the products of co-transition probabilities
of paths going from the intersection of these diagrams to each diagram.
4.3 Three-dimensional Young diagrams of large dimensions
The 2D and 3D Young diagrams with large and maximum dimensions are of special interest for asymptotic
combinatorics. The problem of detection of 2D Young diagrams with large dimensions was studied in many
works [10, 11, 12, 13, 14, 15]. In the three-dimensional case the estimations of dimensions of diagrams are
unknown at the moment. The maximum dimensions of 3D Young diagrams grow extremely fast and it is
very hard to calculate their exact values. At the moment, this problem can be solved only by exhaustive
search. Unfortunately, this approach gives only first 30-40 diagrams with maximum dimensions. Table 1
contains the maximum dimensions of 3D Young diagrams of sizes up to 25 and the corresponding plane
partitions.
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Table 1: The maximum dimensions of plane partitions of size up to 25
Size Dimension Plane partition
1 1 {1}
2 1 {1}, {1}
3 2 {1 1}, {1}
4 6 {2 1}, {1}
5 12 {2 1}, {1}, {1}
6 30 {2 1 1}, {1}, {1}
7 96 {2 1 1}, {1 1}, {1}
8 336 {3 1 1}, {1 1}, {1}
9 1540 {3 1 1}, {2 1}, {1}
10 8640 {3 2 1}, {2 1}, {1}
11 33372 {3 2 1}, {2 1}, {1}, {1}
12 142380 {3 2 1 1}, {2 1}, {1}, {1}
13 665280 {4 2 1 1}, {2 1}, {1}, {1}
14 2849536 {3 2 1 1}, {2 1 1}, {1 1}, {1}
15 15639552 {4 2 1 1}, {2 1 1}, {1 1}, {1}
16 80923008 {4 2 1 1}, {2 1 1}, {2 1}, {1}
17 544659648 {4 2 1 1}, {3 1 1}, {2 1}, {1}
18 3299672408 {4 2 2 1}, {3 1 1}, {2 1}, {1}
19 27402967200 {4 3 2 1}, {3 1 1}, {2 1}, {1}
20 230747045760 {4 3 2 1}, {3 2 1}, {2 1}, {1}
21 1553327915040 {4 3 2 1}, {3 2 1}, {2 1}, {1}, {1}
22 11012504995800 {4 3 2 1 1}, {3 2 1}, {2 1}, {1}, {1}
23 82028814137424 {5 3 2 1 1}, {3 2 1}, {2 1}, {1}, {1}
24 491203179370484 {5 3 2 1 1}, {3 2 1}, {2 1}, {1 1}, {1}
25 3290489409458590 {5 3 2 1 1}, {3 2 1}, {2 1}, {2 1}, {1}
One of possible approaches to find the diagrams with large dimensions is based on building a so-called
greedy sequence of diagrams [11, 13, 12, 15]. A greedy sequence of 2D diagrams is a deterministic sequence
where the next diagram is obtained from the previous one by adding the box with the maximum Plancherel
probability. In 3D case we can add the box with minimum co-transition probability considering that for 2D
case these principles are equivalent. The details about calculating such a sequence are provided in Sec. 5.3.
Note that the resulting greedy sequence may not contain all possible Young diagrams with maximum
dimensions. But it is possible to increase the dimensions of these diagrams by applying some strategies
discussed in [11, 12, 13].
5 Numerical experiments
5.1 Investigation of the randomized Schu¨tzenberger transformation
In this section we study the distribution of 2D and 3D Young tableaux produced by the random generator
based on the randomized Schu¨tzenberger transformation. The goal of these experiments is to examine how
close this distribution is to the uniform distribution.
5.1.1 The distribution of ends of nerves
The first numerical experiment is devoted to the Schu¨tzenberger transformation on 3D Young graph. A
random pseudo-Plancherel three-dimensional Young tableau of size 106 was generated. Then, the randomized
Schu¨tzenberger transformation was applied iteratively to this tableau. For each iteration we compute the
coordinates of the last boxes of Schu¨tzenberger paths on the front of the corresponding Young tableau. The
distribution of the coordinates obtained in this experiment is shown in Fig. 3.
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Figure 3: The distribution of coordinates of last boxes of Schu¨tzenberger paths of 3D Young tableaux.
We emphasize that just after 66577 iterations, the Schu¨tzenberger path endings in each of 11392 possible
positions were generated at least once.
5.1.2 The frequency histograms
Let us consider the two-dimensional Young diagram of size 15 which corresponds to the partition {4, 4, 3, 3, 1}.
The dimension of this diagram is 81081. In our experiments we have iteratively applied the randomized
Schu¨tzenberger transformation to Young tableaux of that shape. 81081000 iterations were performed in
total. The frequencies of generations of each tableau were recorded. Fig. 4 (a) demonstrates how many
tableaux were generated a certain number of times.
(a)
(b)
Figure 4: Frequency histograms of number of paths in (a) 2D Young tableau, (b) 3D Young tableau
As we can see, the mean of this graph is close to 1000 which is equal to the number of iterations divided
by the dimension of the diagram. It agrees with the conjecture of the uniformity of this Young tableaux
distribution. Also the histogram fits a normal distribution of standard deviation σ = 31.7 well which also
indicates that the resulting Young tableaux are distributed almost uniformly.
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Similarly, Fig. 4 (b) presents the distribution of 3D Young tableaux of the form {{2, 2, 1}, {2, 1}, {1}, {1}}.
4 ·109 iterations were performed in total and the resulting histogram also fits a normal distribution well with
mean µ = 863932 and standard deviation σ = 918.126.
5.2 3D analogue of semi-circle distribution
In 2D case the distribution of Plancherel probabilities on the profile of Young diagram represents a semi-
circle distribution [16]. In [9] it was found that the coordinates of nerve ends of an infinite Young tableau
are distributed in the same way. We suppose that in 3D case there exists a similar correspondence between
the probabilities of unknown central process and the coordinates of nerve ends of 3D Schu¨tzenberger’s jeu
de taquin.
Considering that there are no known generalizations of the Plancherel process for 3D Young graph, its
limit shape is unknown as well. So we generated a Young tableau of size 106 of a form supposedly close
to the unknown limit shape using so-called pseudo-Plancherel asymptotically central process introduced in
[17]. Then, we applied 2 · 106 iterations of the randomized Schutzenberger transformation. Fig. 5 shows the
distribution of coordinates of nerves ends of the resulting three-dimensional tableaux.
Figure 5: Frequencies of ends of Schu¨tzenberger paths on the front of 3D Young diagram
5.3 Calculation of normalized dimensions
In view of the exponential growth of dimensions of 3D diagrams, it is convenient to study the asymptotic
properties of dimensions using a certain normalization. In this work we used the following formula for
normalized dimension of a three-dimensional Young diagram λ of size n:
c(λ) =
− ln dimλ+ 23 log n!
n
2
3
,
where dimλ is the dimension of λ.
In order to find the 3D Young diagrams with large dimensions, we consider a greedy sequence of Young
diagrams. This sequence can be started from an arbitrary diagram. The next diagram is obtained from a
previous one by adding a box with lowest possible co-transition probability. Fig. 6 shows how the normalized
dimensions change in the greedy sequence.
Figure 6: Normalized dimensions of 3D Young diagrams of the greedy sequence
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The constructed sequence contains diagrams of sizes up to 1000. The first 25 diagrams of this sequence
are exactly the diagrams with maximum possible dimensions listed in Table 1 except for the diagram of size
14. That is only because the diagram with maximum dimension of the size 14 does not include the diagram
with maximum dimension of the size 13 and cannot be obtained from it by adding a single box.
6 Conclusion
The generator of random Young tableaux of a fixed shape based on the randomization of jeu de taquin was
introduced. The numerical experiments show that the distribution of tableaux produced by this generator
is close to uniform. We propose a method of calculating the co-transition probabilities of the unknown
central process on the three-dimensional Young graph using this generator. A sequence of length 1000 of
3D Young diagrams with large dimensions was constructed. It is expected that the asymptotic properties of
this sequence is similar to the sequence of 3D Young diagrams with maximum dimensions.
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